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In this paper, we investigate the superstability of d’Alembert’s functional equation
f (ab)+ f (ai(b)) = 2f (a)f (b), a, b ∈ H,
where H is the Heisenberg group and the map i : H −→ H is an automorphism of H such
that i ◦ i = id (the identity map).
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let R be a 2-divisible ring (not necessarily commutative) in which division by 2 is unique. The spaceH := R2×R becomes
a non-abelian group when equipped with the composition rule
(x, y, t)(x′, y′, t ′) :=
(
x+ x′, y+ y′, t + t ′ + 1
2
(xy′ − yx′)
)
.
When R = R this group is isomorphic to the Heisenberg group. The map i : H −→ H given by i(x, y, t) = (y, x,−t) is an
automorphism of H such that i ◦ i = id. Consider the functional equation
f (ab)+ f (ai(b)) = 2f (a)f (b), a, b ∈ H. (1.1)
This equation has the same form as d’Alembert’s functional equation
f (x+ y)+ f (x− y) = 2f (x)f (y), x, y ∈ G, (1.2)
on an abelian groupG, except that the group inversion y −→ −y is replaced by the automorphism i. By inserting coordinates
(x, y, t) and (x′, y′, t ′) in (1.1), we obtain Stetkær’s functional equation
f
(
x+ x′, y+ y′, t + t ′ + xy
′ − yx′
2
)
+ f
(
x+ y′, y+ x′, t − t ′ + xx
′ − yy′
2
)
= 2f (x, y, t)f (x′, y′, t ′), (1.3)
for all x, y, x′, t, t ′ ∈ R, where f : R× R× R −→ C is a complex-valued function. This equation was introduced by Stetkær
in [1], as the defining identity for a K -spherical function on the Heisenberg group H , where K is a certain two-element
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subgroup of Aut(H). In [2], Sinopoulos determined the general solution of this functional equation in the case where R is a
2-divisible ring and as a corollary in the case where R = R and f is measurable with respect to the first variable.
In [3] and [4] Baker et al. and Bourgin respectively, introduced the notion that by now is frequently referred to as
superstability: if a function f satisfies the stability inequality |E1(f )− E2(f )| ≤ ε, then either f is bounded or E1(f ) = E2(f ).
The superstability of d’Alembert’s functional equation
f (x+ y)+ f (x− y) = 2f (x)f (y) (1.4)
was investigated by Baker [3] and Cholewa [5]. Badora and Ger [6] proved its superstability under the condition |f (x + y)
+ f (x − y) − 2f (x)f (y)| ≤ ϕ(x) or ϕ(y). Recently Kim [7] investigated the superstability of the trigonometric functional
equations
f (x+ y)− f (x− y) = 2f (x)g(y) (1.5)
and
f (x+ y)− f (x− y) = 2g(x)f (y) (1.6)
under conditions |f (x + y) − f (x − y) − 2f (x)g(y)| ≤ ϕ(x) or ϕ(y) and |f (x + y) − f (x − y) − 2g(x)f (y)| ≤ ϕ(x) or ϕ(y).
He extends the results obtained on the abelian group to the Banach algebra. The main purpose of this paper is to derive
superstability of d’Alembert’s functional equation in a non-commutative setting (the Heisenberg group).
The paper is organized as follows: in the first section after this introduction,we give somepreliminary results forWilson’s
functional equation [8–10]. In the second section, we derive the superstability of Eq. (1.1). We shall need the results below
for the later use.
2. Preliminary results of stability for Wilson’s equation
In this section, we give some properties for the superstability of Wilson’s functional equation
f (t + t ′)+ f (t − t ′) = 2f (t)g(t ′). (2.1)
According to [7] we derive the following proposition
Proposition 2.1. Let δ : R −→ R+. Let F be a family of complex-valued functions on R, and let g : R −→ C. Assume that
|f (t + t ′)+ f (t − t ′)− 2f (t)g(t ′)| ≤ δ(t ′) (2.2)
for all f ∈ F and t, t ′ ∈ R. If F is unbounded then g is a solution of d’Alembert’s equation
g(t + t ′)+ g(t − t ′) = 2g(t)g(t ′) (2.3)
for all t, t ′ ∈ R.
Proposition 2.2. Let δ : R −→ R+. Suppose that functions f , g : R −→ C, g : R −→ C satisfy the inequality (2.2) and there
exists t0 ∈ R such that |g(t0)| > 1. Then there exists a function F : R −→ C such that
F(t + t ′)+ F(t − t ′) = 2F(t)g(t ′) for all t, t ′ ∈ R (2.4)
and
|F(t)− f (t)| < δ(t0)
2(|g(t0)| − 1) for all t ∈ R.
If F1 : R −→ C satisfies (2.4) and F1 − f is bounded then F1 = F .
Proof. For all t ∈ R and n ∈ N, we define the sequence
T0(t) := f (t),
T1(t) := T0(t + t0)+ T0(t − t0),
Tn+1(t) := Tn(t + t0)+ Tn(t − t0).
We will show that induction on n gives the following inequalities
|Tn+1(t)− 2g(t0)Tn(t)| ≤ 2nδ(t0), (2.5)
|Tn(t)− 2(2g(t0))nf (t)| ≤ δ(t0)
n∑
i=1
2n−i|2g(t0)|i−1, (2.6)
|Tn+1(t + t ′)+ Tn+1(t − t ′)− 2Tn+1(t)g(t ′)| ≤ δ(t0)|g(t0)|n+1 (2.7)
for all t, t ′ ∈ R.
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For n = 0, we have
|T1(t)− 2g(t0)T0(t)| = |f (t + t0)+ f (t − t0)− 2g(t0)f (t)| ≤ δ(t0) = 20δ(t0)
for all t ∈ R. Assume (2.5) holds for n, for n+ 1 we have
|Tn+2(t)− 2g(t0)Tn+1(t)| = |Tn+1(t + t0)+ Tn+1(t − t0)− 2g(t0)Tn(t + t0)− 2g(t0)Tn(t − t0)|
≤ |Tn+1(t + t0)− 2g(t0)Tn(t + t0)| + |Tn+1(t − t0)− 2g(t0)Tn(t − t0)|
≤ 22nδ(t0) = 2n+1δ(t0)
for all t ∈ R. Let (Fn(t))n∈N be a sequence of functions given by Fn(t) = (2g(t0))−nTn(t) for all t ∈ R. By easy computations
we get from (2.5) that
‖Fn+1 − Fn‖∞ ≤ δ(t0)2|g(t0)|n for all n ∈ N.
Since |g(t0)| > 1 it follows that the sequence (Fn(t))n∈N is a Cauchy sequence. Let F(t) = limn−→+∞ Fn(t) for all t ∈ R. Now
we will show (2.6). For n = 1, we have
|T1(t)− 2g(t0)f (t)| = |f (t + t0)+ f (t − t0)− 2g(t0)f (t)| ≤ δ(t0)
for all t ∈ R. Suppose (2.6) holds for n, then for n+ 1 we have
|Tn+1(t)− (2g(t0))n+1f (t)| ≤ |Tn+1(t)− 2g(t0)Tn(t)| + |2g(t0)||Tn+1(t)− (2g(t0))nf (t)|
≤ δ(t0)
n+1∑
i=1
2n+1−i|2g(t0)|i−1
for all t ∈ R. By letting n −→ +∞ it follows that
|F(t)− f (t)| ≤ δ(t0)
2(|g(t0)− 1|) for all t ∈ R.
In the next we will show that F satisfies Wilson’s equation (2.1). We need to prove (2.7). For n = 0 we have for all t, t ′ ∈ R
|T0(t + t ′)+ T0(t − t ′)− 2T0(t)g(t)| = |f (t + t ′)+ f (t − t ′)− 2T0(t)g(t)|
≤ δ(t0) = δ(t0)|g(t0)|0 .
Assume (2.7) holds for n, then for n+ 1 we have
|(2g(t0))−(n+1)Tn+1(t + t ′)+ (2g(t0))−(n+1)Tn+1(t − t ′)− 2(2g(t0))−(n+1)Tn+1(t)g(t ′)|
≤ |(2g(t0))|−1|(2g(t0))−nTn(t + t ′ + t0)+ (2g(t0))−nTn(t + t ′ − t0)
+ (2g(t0))−nTn(t − t ′ + t0)+ (2g(t0))−nTn(t − t ′ − t0)
− 2(2g(t0))−nTn(t + t0)g(t ′)− 2(2g(t0))−nTn(t − t0)g(t ′)|
≤ |(2g(t0))|−1|(2g(t0))−nTn(t + t ′ + t0)+ (2g(t0))−nTn(t + t ′ − t0)− 2(2g(t0))−nTn(t + t0)g(t ′)|
+ |(2g(t0))−nTn(t − t ′ + t0)+ (2g(t0))−nTn(t − t ′ − t0)− 2(2g(t0))−nTn(t − t0)g(t ′)|
≤ 2|(2g(t0))|−1 δ(t0)|g(t0)|n =
δ(t0)
|g(t0)|n+1
for all t, t ′ ∈ R. By letting n −→ +∞ we obtain that F(t + t ′) + F(t − t ′) = 2F(t)g(t ′) for all t, t ′ ∈ R. Since F1 − F is a
bounded solution of Wilson’s functional equation (2.1) with |g(t0)| > 1 it follows that F is unique. 
3. The superstability of Eq. (1.1)
In the next theorem, we derive the superstability of d’Alembert’s equation (1.1).
Theorem 3.1. Let δ > 0 and let f : H −→ C be a function such that
|f (ab)+ f (ai(b))− 2f (a)f (b)| ≤ δ, (3.1)
for all a, b ∈ H. Then either f is bounded and |f (a)| ≤ 1+
√
1+2δ
2 for all a ∈ H or f satisfies d’Alembert’s functional equation
f (ab)+ f (ai(b)) = 2f (a)f (b)
for all a, b ∈ H.
Proof. If f is bounded, letM = sup|f |. It is clear that 2M2 − 2M − δ ≤ 0. ThenM ≤ 1+
√
1+2δ
2 . Let f be unbounded. By using
coordinates a = (x, y, t), b = (x′, y′, t ′) ∈ H where x, y, x′, y′, t, t ′ ∈ R, the inequality (3.1) becomes
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f
(
x+ x′, y+ y′, t + t ′ + xy
′ − yx′
2
)
+ f
(
x+ y′, y+ x′, t − t ′ + xx
′ − yy′
2
)
= 2f (x, y, t)f (x′, y′, t ′)
for all x, y, x′, y′, t, t ′ ∈ R. Since f is unbounded then we can choose a sequence ((xn, yn, tn))n ∈ R × R × R such that
f (xn, yn, tn) 6= 0 and limn−→+∞ |f (xn, yn, tn)| = +∞. Taking (x, y, t) = (xn, yn, tn) in (3.1), we obtain∣∣∣∣∣∣
f
(
xn + x′, yn + y′, tn + t ′ + xny′−ynx′2
)
+ f
(
xn + y′, yn + x′, tn − t ′ + xnx′−yny′2
)
− 2f (xn, yn, tn)f (x′, y′, t ′)
2f (xn, yn, tn)
∣∣∣∣∣∣
≤ δ
2|f (xn, yn, tn)| (3.2)
that is
f (x′, y′, t ′) = lim
n−→+∞
f
(
xn + x′, yn + y′, tn + t ′ + xny′−ynx′2
)
+ f
(
xn + y′, yn + x′, tn − t ′ + xnx′−yny′2
)
2f (xn, yn, tn)
.
Setting Xn = xn, Yn = yn, Tn = tn, X ′ = x′ + x, Y ′ = y′ + y, T ′ = t ′ + t + xy′−yx′2 , X˜n = xn, Y˜n = yn, T˜n = tn, X˜ ′ = y′ + x,
Y˜ ′ = x′ + y, T˜ ′ = t − t ′ + xx′−yy′2 , for all x, x′, y, y′, t, t ′ ∈ R. Using (3.1) we have∣∣∣∣f (xn + x+ x′, yn + y+ y′, tn + t + t ′ + xy′ − yx′2 + xn(y′ + y)− yn(x′ + x)2
)
+ f
(
xn + y+ y′, yn + x+ x′, tn − t ′ − t − xy
′ − yx′
2
+ xn(x
′ + x)− yn(y′ + y)
2
)
− 2f (x, y, t)f
(
xn + x′, yn + y′, tn + t ′ + xny
′ − ynx′
2
)
+ f
(
xn + x+ y′, yn + y+ x′, tn + t − t ′ + xx
′ − yy′
2
+ xn(y+ x
′)− yn(x+ y′)
2
)
+ f
(
xn + y+ x′, yn + x+ y′, tn − t − t ′ − xx
′ − yy′
2
+ xn(x+ y
′)− yn(y+ x′)
2
)
− 2f (x, y, t)f
(
xn + y′, yn + x′, tn − t ′ + xnx
′ − yny′
2
)∣∣∣∣ = ∣∣∣∣f (Xn + X ′, Yn + Y ′, Tn + T ′ + XnY ′ − YnX ′2
)
+ f
(
Xn + Y ′, Yn + X ′, Tn − T ′ + XnX
′ − YnY ′
2
)
− 2f (Xn, Yn, Tn)f (X ′, Y ′, T ′)
+ f
(
X˜n + X˜ ′, Y˜n + Y˜ ′, T˜n + T˜ ′ + X˜nY˜
′ − Y˜nX˜ ′
2
)
+ f
(
X˜n + Y˜ ′, Y˜n + X˜ ′, T˜n − T˜ ′ + X˜nX˜
′ − Y˜nY˜ ′
2
)
− 2f (X˜n, Y˜n, T˜n)f (X˜ ′, Y˜ ′, T˜ ′)
∣∣∣∣∣
≤
∣∣∣∣f (Xn + X ′, Yn + Y ′, Tn + T ′ + XnY ′ − YnX ′2
)
− 2f (Xn, Yn, Tn)f (X ′, Y ′, Z ′)
∣∣∣∣
+
∣∣∣∣∣f
(
X˜n + X˜ ′, Y˜n + Y˜ ′, T˜n + T˜ ′ + X˜nY˜
′ − Y˜nX˜ ′
2
)
− 2f (X˜n, Y˜n, T˜n)f (X˜ ′, Y˜ ′, T˜ ′)
∣∣∣∣∣
≤ 2δ.
So that∣∣∣∣∣∣
f
(
xn + x+ x′, yn + y+ y′, tn + t + t ′ + xy′−yx′2 + xn(y
′+y)−yn(x′+x)
2
)
f (xn, yn, tn)
+
f
(
xn + y+ y′, yn + x+ x′, tn − t ′ − t − xy′−yx′2 + xn(x
′+x)−yn(y′+y)
2
)
f (xn, yn, tn)
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+
f
(
xn + x+ y′, yn + y+ x′, tn + t − t ′ + xx′−yy′2 + xn(y+x
′)−yn(x+y′)
2
)
f (xn, yn, tn)
+
f
(
xn + y+ x′, yn + x+ y′, tn − t − t ′ − xx′−yy′2 + xn(x+y
′)−yn(y+x′)
2
)
f (xn, yn, tn)
− 2f (x, y, t)
 f
(
xn + x′, yn + y′, tn + t ′ + xny′−ynx′2
)
f (xn, yn, tn)
+
f
(
xn + y′, yn + x′, tn − t ′ + xnx′−yny′2
)
f (xn, yn, tn)

∣∣∣∣∣∣
≤ δ|f (xn, yn, tn)|
for all x, x′, y, y′, t, t ′ ∈ R. Since |f (xn, yn, tn)| −→ +∞ as n −→ +∞, we have f satisfies (1.1). This ends the proof of
theorem. 
In what follows, for all a = (x, y, t) ∈ H , we denote a˜ = (0, 0, t) ∈ H .
Theorem 3.2. Let ψ : H −→ R+ be a function. Suppose that the function f : H −→ C, satisfies the inequality
|f (ab)+ f (ai(b))− 2f (a)f (b)| ≤ ψ(b), (3.3)
for all a, b ∈ H, and there exists c0 ∈ H such that |f (c˜0)| > 1. Then there exists a unique function F : H −→ C such that
F(ab˜)+ F(ai(b˜)) = 2F(a)f (b˜)
and
|F(a)− f (a)| < ψ(c˜0)
2(|f (c˜0)| − 1)
for all a, b ∈ H.
Proof. From (3.3) by replacing b by b˜ and using coordinates a = (x, y, t), b˜ = (0, 0, t ′), we get a Wilson’s type inequality
|f (x, y, t + t ′)+ f (x, y, t − t ′)− 2f (x, y, t)f (0, 0, t ′)| ≤ ψ(0, 0, t ′)
for all x, y, t, t ′ ∈ R. By Proposition 2.2, we get the rest of the proof. 
Theorem 3.3. Let ψ : H −→ R+. Let F be a family of complex-valued function on H. Assume that
|f (ab)+ f (ai(b))− 2f (a)f (b)| ≤ ψ(b), (3.4)
for all f ∈ F and a, b ∈ H. Let f ∈ F be unbounded, then f satisfies functional equation
f (ab˜)+ f (ai(b˜)) = 2f (a)f (b˜)
for all a, b ∈ H.
Proof. By using the same way as in proof of Theorem 3.2 and Proposition 2.1 we get the proof of the theorem. 
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